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We investigate f(T ) theory coupled with a nonlinear source of electrodynamics, for a spherically
symmetric and static spacetime in 4D. We re-obtain the Born-Infeld and Reissner-Nordstrom-AdS
solutions. We generalize the no-go theorem for any content that obeys the relationship T 00 = T
1
1
for the energy-momentum tensor and a given set of tetrads. Our results show new classes of solutions
where the metrics are related through b(r) = −Na(r). We do the introductory analysis showing
that solutions are that of asymptotically flat black holes, with a singularity at the origin of the radial
coordinate, covered by a single event horizon. We also reconstruct the action for this class of solutions
and obtain the functional form f(T ) = f0 (−T )
(N+3)/[2(N+1)] and LNED = L0 (−F )
(N+3)/[2(N+1)].
Using the Lagrangian density of Born-Infeld, we obtain a new class of charged black holes where
the action reads f(T ) = −16βBI
[
1−
√
1 + (T/4βBI )
]
.
PACS numbers: 04.50. Kd, 04.70.Bw, 04.20. Jb
I. INTRODUCTION
Maxwell’s electromagnetism is one of the most successful theories in the history of science. However, many other
modifications of this theory have been made, and one of the best known arises from the Lagrangian density called
Born-Infeld (BI) [1]. The initial idea, at 1937, to build an electromagnetic theory for which the Lagrangian density is
given as a non-linear function of the scalar formed by electric and magnetic fields, was to obtain solutions in which
the value of the electric field, or magnetic, were finite at the origin where the electric charge is situated, unlike the
case in which the Maxwell value diverges. For the BI solution, this property is satisfied, the value of the electric field
is finite, considering only electrical charge. This theory still falls in Maxwell’s one for the so-called weak field limit,
where the BI parameter βBI is taken for a limit tending to infinity.
Even in 1937, Hoffman and Infeld get a solution to this theory coupled to Einstein-Hilbert action [2]. Only after
several years this idea came to be explored again, with Peres [3], so called non-linear electrodynamics (NED). A year
later, Bardeen [4] suggests an exact solution of Einstein’s equations in which there is an event horizon in the causal
structure, but there is no singularity in all space, even at the origin of the radial coordinate. This solution is known
as Bardeen “regular” black hole. Thus, Pellicer and Torrence get an exact solution of regular black hole where the
asymptotic behavior is identical to the Reissner-Nordstrom’s one [5]. With this, some other solutions also continued
rising for NED [6].
The NED continued to be addressed in many of its aspects [7], particularly in cosmology [8], where that it can be
shown that the energy of a magnetic field can cause the acceleration of our universe at the present time.
On the other hand, General Relativity (GR) is also the theory that describes the gravitational interaction with
the highest historically successful. Since the proof of star light bending passing near the sun region in 1919, the
GR has proven very effective in the description of local phenomena and even cosmological. But for the current
acceleration phase of our universe, shown by the most recent observations of type Ia supernovae [9], it can only
describe the dynamics of the universe through an exotic fluid, commonly called dark energy, which has negative
pressure. An alternative to try to improve this description, is the modification of Einstein’s equations, or GR, for
a further description made by an action different from that of Einstein-Hilbert. The main changes came from the
Starobinski’s suggestion where a term of second order (nonlinear) in the curvature scalar R which appears in the
action. A famous theory that is now widely studied is the f(R) Gravity [10], where the action is given in terms of an
analytic function of the curvature scalar, Sf(R) =
∫
dx4
√−g[f(R) + 2κ2LMatter ]. Some other changes exist, where
the action is taken as a functional of nonlinear terms of a given scalar, f(R, T ) Gravity [11], f(G) Gravity [12] and
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2f(R,G) [13].
Another possibility is to describe the gravitational interaction by considering the inertia of the motion. This possi-
bility uses the torsion of the space-time, rather than the curvature, to account for the effects of inertia. Considering
identically zero the Riemann tensor, thus assuming that the geometry is characterized only by the tetrads as dynamic
fields, and the Weitzenbock connection as originating the torsion in the space-time, this would provide the same global
and local phenomena of the GR, known as teleparallel theory (TT) [14, 15]. It is proven to be dynamically equivalent
to GR, and the equations of motion of test particles are described by a force equation, which can be re-written as the
famous equation of the geodesic in GR. In this theory the effects of inertia of the motion appear when the torsion
tensor is non-zero, but the curvature is identically zero. Here the scalar built analogously to the curvature is the
torsion scalar T . A possible direct generalization of this theory is known as f(T ) Gravity [16], where the action is now
given in terms of an analytic function of torsion scalar. Interestingly, this generalization came from a consideration of
the action of a theory thus formulated, could be inspired by the NED, such as BI. The original work of Ferraro and
Fiorini [17] considers a generalization of TT in which the action is a functional of the torsion scalar with identical
dependence of BI to the scalar F . This is one of the ideas that will be re-addressed here. In fact the soul of this work
is to obtain black hole solutions using a Lagrangian density of the NED as material content. But this also will result
in actions with identical terms to the NED for the torsion scalar.
Our main goal here is motivated by the great complexity of the equations of motion for f(T ) theory, when we
include non-linear terms in analytical function f(T ). The equations of motion are written in such a way (non-linear
differential coupled equations), for which it is almost impossible to get any specific solution. Thus, through the
possibility of a NED, we can use a powerful method of solving these equations, assigning the new degrees of freedom
for the electric field (or magnetic, by duality) to let the task more easy. We will make a detailed description of this
method later.
The paper is organized as follows. In section II we perform the preliminary definitions and establish the equations of
motion for the f(T ) Gravity for a NED as material content. In section III we show that we can re-obtain BI solutions
with cosmological constant, and the Reissner-Nordstrom-AdS as particular case where the BI parameter βBI is taken
to infinity. In the section IV we have established a strong no-go theorem which greatly restricts the possibilities for
obtaining solutions to the f(T ) Gravity. In section V we obtain new solutions of black holes that do not violate the
no-go theorem. Here they are divided into two great classes, in subsection VA those who consider the relationship
b(r) = −Na(r), between the metric functions, and in subsection VB those where b(r) = Na(r). In subsection VC
we obtain a Born-Infeld-type solution for b(r) 6= −a(r). We ended up with our final considerations in section VI.
II. NON-LINEAR ELECTRODYNAMICS SOURCE IN f(T ) GRAVITY
In a differentiable manifold “M” one can define a tangent space (or co-tangent) to a point P of the same, as that
which contains all the tangent vectors to the manifold at this point, such that this set vectors obey the properties
of a vector space. We denote the tangent space by Tp(M). Thus we can generalize this definition to a vector field
where the tangent vectors can be defined at any point P ∈ M, then we represent by T(M). The dual space to the
tangent is called the co-tangent space T∗(M). The latter contains all co-vectors in M. Every element of T(M) can
be written in the form V = V µ∂µ (∂µ = ∂/∂x
µ), and every element of T∗(M) can be written as ω = ωµdxµ, where
{∂µ} and {dxµ} are local basis linearly independent from the tangent and cotangent spaces respectively.
The local basis are related to the general basis by ea = e
µ
a ∂µ and e
a = eaµdx
µ, where the matrices obey the
relations eaµe
ν
a = δ
ν
µ and e
a
µe
µ
b = δ
a
b . The general basis of the tangent space satisfy the following commutation
relation
[ea, eb] = f
c
bcec , (1)
where f cbcec are the coefficients of structure or anholonomy. Using the first equation of Cartan structure (de
c =
−(1/2)f cabea ∧ eb) and the relationship between the local basis, one gets f cab = e µa eνb (∂νecµ − ∂µecν). We can then
define an inertial reference frame when the structure coefficients are all identically zero, i.e, f cab ≡ 0. In general, for
any one frame, we do not necessarily have this condition.
With this structure, the line element in M, it can be represented local and general basis as
dS2 = gµνdx
µdxν = ηabe
aeb , (2)
ea = eaµdx
µ , dxµ = e µa e
a , (3)
where gµν is the metric of the space-time, ηab the Minkowski metric. The root of the determinant of the metric is
given by
√−g = det[eaµ] = e. A possible special structure is the one for which we demand that the Riemann tensor
3vanishes identically, which is obtained with the following Weitzenbok connection
Γσµν = e
σ
a ∂νe
a
µ = −eaµ∂νe σa . (4)
Through the connection, we can define the components of the torsion and contorsion tensors as
T σµν = Γ
σ
νµ − Γσµν = e σa
(
∂µe
a
ν − ∂νeaµ
)
, (5)
Kµνα = −
1
2
(T µνα − T νµα − T µνα ) . (6)
For facilitating the description of the Lagrangian density and the equations of motion, we can define another tensor
from the components of the torsion and contorsion tensors, as
S µνα =
1
2
(
Kµνα + δ
µ
αT
βν
β − δναT βµβ
)
. (7)
We can then define the scale of this theory, the torsion scalar, as follows
T = TαµνS
µν
α . (8)
We will establish the equations of motion for the case of a source of non-linear electrodynamics. First we take the
following Lagrangian density
L = e [f(T ) + 2κ2LNED(F )] , (9)
where LNED(F ) is the contribution of non-linear electrodynamics (NED), with F = (1/4)FµνFµν being Fµν the
components the Maxwell’s tensor, and κ2 = 8piG/c4, where G is the Newtonian constant and “c” the speed of light.
To establish the equations of motion by Euler-Lagrange ones, we have to take the derivations with respect to the
tetrads
∂L
∂eaµ
= f(T )ee µa + efT (T )4e
a
αT
σ
ναS
µν
σ + 2κ
2 ∂LNED
∂eaµ
, (10)
∂α
[
∂L
∂(∂αeaµ)
]
= −4fT (T )∂α (ee σa S µνσ )− 4ee σa S µγσ ∂γTfTT (T ) + 2κ2∂α
[
∂LNED
∂(∂αeaµ)
]
, (11)
with fT (T ) = df(T )/dT and fTT (T ) = d
2f(T )/dT 2. With the above expressions and Euler-Lagrange’s equations
∂L
∂eaµ
− ∂α
[
∂L
∂(∂αeaµ)
]
= 0 , (12)
and multiplying by the factor e−1eaβ/4, one gets the following equations of motion
S µαβ ∂αTfTT (T ) +
[
e−1eaβ∂α (ee
σ
a S
µα
σ ) + T
σ
νβS
µν
σ
]
fT (T ) +
1
4
δµβf(T ) =
κ2
2
T µβ (13)
where T µβ is the energy-momentum tensor of of the source of non-linear electrodynamics
T µβ = −
2
κ2
[
δµβLNED(F )−
∂LNED(F )
∂F
FβσF
µσ
]
. (14)
Because of the relationship in (2), we can choose several frames that fall into a spherically symmetric and static
metric, in spherical coordinates. Also the various matrices tetrads are connected by a Lorentz transformation. Taking
a diagonal matrix [e¯aµ] = diag[e
a(r), eb(r), r, r sin θ], to be the dynamic field theory, but it falls on a inconsistency in
the equations of motion (13), appearing as a spurious component θ − r (2 − 1). This is precisely due to the proper
choice of reference for this symmetry, as seen in [18]. Therefore, we undertake a good choice given in [19], which is
simply a rotation by a specific Lorentz transformation of the diagonal case, where all the equations appear consistent,
and described by
{eaµ} =


ea/2 0 0 0
0 eb/2 sin θ cosφ r cos θ cosφ −r sin θ sinφ
0 eb/2 sin θ sinφ r cos θ sinφ r sin θ cosφ
0 eb/2 cos θ −r sin θ 0

 , (15)
4where, through the relationship given in (2), we can reconstruct the metric as being
dS2 = ea(r)dt2 − eb(r)dr2 − r2 [dθ2 + sin2 (θ) dφ2] , (16)
in which the metric functions {a(r), b(r)} are assumed to be functions of radial coordinate r and are not time
dependent.
With this, one can now calculate all the geometrical objects established in the theory. The non-zero components
of the torsion tensor (5) are
T 010 =
a′
2
, T 221 = T
3
31 =
eb/2 − 1
r
, (17)
while the non-null components of the contorsion tensor read
K100 =
a′e−b
2
, K221 = K
33
1 =
e−b(eb/2 − 1)
r
. (18)
We also calculate the non-null components of the tensor S µνα , as
S 010 =
e−b(eb/2 − 1)
r
, S 122 = S
13
3 =
e−b
(
a′r − 2eb/2 + 2)
4r
. (19)
From the definition of the torsion scalar (8), one gets
T =
2
r
[
−
(
a′ +
2
r
)
e−b/2 +
(
a′ +
1
r
)
e−b +
1
r
]
. (20)
We note here that in general, the torsion scalar is an arbitrary function of the radial coordinate r.
Let us consider here that there is only electric charge, so we can set the electric four-potential as a 1-form A =
Aµdx
µ, where the components are given by {Aµ} = {A0(r), 0, 0, 0} and A0 is the electric scalar potential. We
define the Maxwell tensor as a 2-form F = (1/2)Fµνdx
µ ∧ dxν , where the components are anti-symmetric and given
by Fµν = ∇µAν − ∇νAµ. From our restriction of the electric scalar potential, the Maxwell tensor has only one
independent component F10(r). This can still be seen by the spherical symmetry of space-time. As the metric has
spherical symmetry, the equation that defines the vectors of Killing vectors LKσgµν(r, θ) = 0, leading to vectors
{Kσ} being the generators of the O(3) group, yielding LKσFµν(t, r, θ) = 0. This restricts us to only two non-null
independent components of the Maxwell field F 10(t, r) and F 23(t, r, θ). Considering only electric source, one gets from
the equations of motion with respect to Aµ, and that the metric is also static, where there exists only the component
F 10(r) [20]. Making use of Euler-Lagrange equations for the field Aµ, for the Lagrangian density (9), we have the
modified Maxwell equation
∇µ
[
Fµν
∂LNED
∂F
]
= ∂µ
[
e−1Fµν
∂LNED
∂F
]
= 0 , (21)
whose solution, using ν = 0, is given by
F 10(r) =
q
r2
e−(a+b)/2
(
∂LNED
∂F
)−1
, (22)
where q is the electric charge.
Through the components of the torsion scalar (17), of (19), (20) and the energy-momentum tensor (14), the
equations of motion (13) become
2
e−b
r
(
eb/2 − 1
)
T ′fTT +
e−b
r2
[
b′r +
(
eb/2 − 1
)
(a′r + 2)
]
fT +
f
2
= −2LNED − 2q
2
r4
(
∂LNED
∂F
)−1
, (23)
e−b
r2
[(
eb/2 − 2
)
a′r + 2
(
eb/2 − 1
)]
fT +
f
2
= −2LNED − 2q
2
r4
(
∂LNED
∂F
)−1
, (24)
e−b
2r
[
a′r + 2
(
1− eb/2
)]
T ′fTT +
e−b
4r2
[ (
a′b′ − 2a′′ − a′2) r2 +
+
(
2b′ + 4a′eb/2 − 6a′
)
r − 4eb + 8eb/2 − 4
]
fT +
f
2
= −2LNED . (25)
In the next section we will show how to re-obtain some of the well known solutions of the GR, arising from the
matter content proposed here.
5III. RECOVERING BORN-INFELD AND SOME KNOWN SOLUTIONS
Here we will show that the theory described above leads to all the known solutions of the GR coupled to nonlinear
electrodynamics. Let us perform here some best known cases, starting with the Lagrangian density of Born-Infeld
(BI). The Lagrangian density is given by BI
LNED = LBI = 4β2BI
[
1−
√
1 +
F
2β2BI
]
, (26)
with F = (1/4)FµνF
µν and βBI being the BI parameter. This Lagrangian density falls into the case of Maxwell
electromagnetic theory, for the limit where the BI parameter tends to infinity, then
lim
βBI→∞
LBI ∼ −F +O
[
F 2
] ∼ LMaxwell . (27)
Let us look at the particular cas of the TT, where f(T ) = T − 2Λ, fT (T ) = 1 and fTT (T ) = 0. For the BI Lagrangian
density (26) the equations of motion (23)-(25) lead to
e−b (1− rb′) = 1− r2Λ + 2
[
r2LBI + q
2
r2
(
∂LBI
∂F
)−1]
, (28)
e−b (1 + ra′) = 1− r2Λ + 2
[
r2LBI + q
2
r2
(
∂LBI
∂F
)−1]
, (29)
e−b
[
2a′′ + a′2 − b
′
r
(2 + ra′) + 2
a′
r
]
= −4Λ + 8LBI . (30)
The general property for spherical symmetry appears by subtracting the equation (29) from (28), yielding
re−b (a′ + b′) = 0 . (31)
Without loss of generality, we use b(r) = −a(r) in (29), recalling (22), we have
(rea)′ = 1− Λr2 + 4βBI
(
2βBIr
2 −
√
q2 + 4β2BIr
4
)
(32)
which, after integration, gives the following solution
ea(r) = e−b(r) = 1− 2M
r
− Λ
3
r2 + 4βBI
(
2
βBI
3
r2 − 1
r
∫ r
∞
√
q2 + 4β2BIr
4dr
)
, (33)
F 10(r) =
2βBIq√
q2 + 4β2BIr
4
. (34)
This is the solution analogous to the one of Einstein-Born-Infeld with cosmological constant obtained in [21][32].
Taking now the particular case where βBI goes to infinity, the Lagrangian density LNED = LMaxwell = −F and
∂LNED/∂F = −1. Using (22) in the equations of motion (23)-(25), one gets
e−b (1− rb′) = 1− r2Λ− q
2
r2
, (35)
e−b (1 + ra′) = 1− r2Λ− q
2
r2
, (36)
e−b
[
2a′′ + a′2 − b
′
r
(2 + ra′) + 2
a′
r
]
= −4Λ + q
2
r4
. (37)
Once again we subtract (36) from (35), yielding b(r) = −a(r). Using this result in (36) and integrating, one gets the
Reissner-Nordstrom-AdS solution (RN-dS for Λ > 0)
ea(r) = e−b(r) = 1− 2M
r
+
q2
r2
− Λ
3
r2 , F 10(r) = − q
r2
. (38)
This solution has been re-obtained in [22]. All the particular cases, with Λ = 0 RN, with q = 0 S-dS and S-AdS also
are re-obtained here.
6IV. NO-GO THEOREM FOR BORN-INFELD-TYPE AND GENERAL CHARGED SOLUTIONS IN F(T)
GRAVITY
In some cases models of charged black holes appear certain restrictions that prevent obtaining new solutions to
certain conditions. These restrictions are commonly called “no-go theorem”. The restriction in the radial and
azimuthal components of the electric field can not be simultaneously zero appears in models with (1+2)D, in the GR
[31], and with curvature and torsion in [30]. In the f(T ) Gravity, in (1 + 2)D we have in [29], and for d-dimensions
in [26].
We will show now that the solutions of type b(r) = −a(r) can exist only in the particular case of the TT. To do
this, we will subtract the equation (24) from (23), yielding after rearrangement
d
dr
[ln fT (T )] +
[
a′ + b′
2
(
eb/2 − 1)
]
= 0 . (39)
In this case, we can enunciate the theorem as follows:
Theorem: The solutions of a Weitzenbock spacetime with spherical and static symmetry whose the sets of tetrads
are given (15), with the restriction b(r) = −a(r) and T 00 = T 11 in (13), exist if and only if the theory is Teleparallel,
where f(T ) is a linear function of the torsion scalar.
Proof. According to the equation (39), we can only get the following situations to restriction b(r) = −a(r):
1. When b(r) = −a(r), from (39) one gets (ln fT (T ))′ = 0, yield fT (T ) = a1, with a1 being a real constant. This
lead to the solution f(T ) = a1T + a0 linear in T , with a0 another real constant;
2. When fT (T0) = 0, with the torsion being a real constant T = T0. In this case, the equation (39) leads directly
to the restriction b(r) = −a(r) and f(T0) = f0 with f0 real constant;
3. When fT (T0) 6= 0, with T0 being a real constant, the equation (39) restricts to b(r) = −a(r) and f(T0) = f0 as
before.
Note that this theorem is valid not only for general solutions with non-linear source of electrodynamics, but for
whatever the energy-momentum tensor satisfying the required conditions, i.e, for every theory whose the set of
tetrads are given by (15), with the restriction b(r) = −a(r) and T 00 = T 11 in in (13).
So there are only solutions with spherical and static symmetry, with the usual tetrads (15), for models with
matter described through an anisotropic energy-momentum tensor, where T 00 6= T 11 . We have a case similar to the
famous symmetry [(d2/dtdr)A(r, t)]B(r, t) = [(d/dr)A(r, t)][(d/dt)B(r, t)] of Lemaˆıtre-Tolman-Bondi models. If the
spherically symmetric metric is described by a set of diagonal tetrads with an anisotropic energy-momentum tensor,
the symmetry implies that the function f(T ) is linear in T . But when the set of tetrads is non-diagonal, this symmetry
can be generalized or broken down when the analytical function f(T ) has nonlinear corrections in T (see the third
expression of equation (42) [23]). So in that sense, there is also a no-go theorem to maintain this symmetry in the
models of Lemaˆıtre-Tolman-Bondi.
V. NEW CHARGED SOLUTIONS WITH NON-LINEAR SOURCE
A. Solutions with b(r) = −Na(r)
As the equations of motion (23)-(25) are a highly complicated equations, we will establish here a powerful algorithm
to solve it. In the case of nonlinear electrodynamics, we have a crucial alternative to solve these equations, which is the
freedom of the choice Lagrangian density model LNED. We consider here all functions as only dependent coordinate
r. So, let’s start our algorithm by integrating equation (39) in the previous section, which leads to
fT (r) = exp
{
−
∫ [
a′ + b′
2
(
eb/2 − 1)
]
dr
}
. (40)
According to the result of the previous section, the no-go theorem, we do not demand the particular case b = −a
directly. Now we take the cases where
b(r) = −Na(r) , a(r) = log
[
1− 2M(r)
r
]
, (41)
7with N ∈ N and M(r) an arbitrary function of the radial coordinate r. This does not fix the solution, but only
establish the relation between the metric functions a(r) and b(r). Note that the particular case b = −a is include
here. We solve the equation (23) for determine LNED
LNED(r) = 1
2
{
− 1
2
f(r) +
2M(r)
r4LF (r − 2M(r))
[
2q2 + r2LF
(
1− 2M(r)
r
)N/2
exp


∫ (N − 1)(1− 2M(r)r )N/2 (rM ′(r) −M(r))
r(r − 2M(r))
(
−1 +
(
1− 2M(r)r
)N/2) dr


]
− 2
r3LF (r − 2M(r))
[
q2 + r2LF
(
1− 2M(r)
r
)N/2
exp


∫ (N − 1)(1− 2M(r)r )N/2 (rM ′(r) −M(r))
r(r − 2M(r))
(
−1 +
(
1− 2M(r)r
)N/2) dr


(
1−
(
1− 2M(r)
r
)N/2
+
(
−1 + 2
(
1− 2M(r)
r
)N/2)
M ′(r)
)]}
, (42)
where LF = ∂LNED/∂F and M ′(r) = dM(r)/dr. Subtracting the equation (25) from (24), we get LF
LF =
{
2q2(r − 2M(r))2
[
−1 +
(
1− 2M(r)
r
)N/2]
exp

−
∫ (N − 1)(1− 2M(r)r )N/2 (rM ′(r)−M(r))
r(r − 2M(r))
(
−1 +
(
1− 2M(r)r
)N/2) dr


}/{
r2
[
M2(r)
(
4− 4
(
1− 2M(r)
r
)N/2
+3
(
1− 2M(r)
r
)N
− 2
(
1− 2M(r)
r
)3N/2
+N
(
1− 2M(r)
r
)N (
−3 + 2
(
1− 2M(r)
r
)N/2))]
r2
[
2M ′(r)(N − 2)
(
1− 2M(r)
r
)N (
−1 +
(
1− 2M(r)
r
)N/2)
− (N − 1)M ′2(r)
(
1− 2M(r)
r
)N
(
−1 + 2
(
1− 2M(r)
r
)N/2)
+
(
−1 +
(
1− 2M(r)
r
)N/2)(
− 1 +
(
1− 2M(r)
r
)N
+r
(
1− 2M(r)
r
)N
M ′′(r)
)]
− 2rM(r)
[
−
(
1− 2M(r)
r
)N (
N − 3 + 2
(
1− 2M(r)
r
)N/2)
M ′(r)
+
(
−1 +
(
1− 2M(r)
r
)N/2)(
−2 +N
(
1− 2M(r)
r
)N
+ r
(
1− 2M(r)
r
)N
M ′′(r)
)]}
. (43)
Thus, with the expressions of LNED and LF in (42) and (43), the function (40) and the relation (41), all the equations
of motion (23)-(25) are satisfied. The point is that these expressions are not necessarily related to LF which is the
derivative of LNED with respect to F . These expressions were obtained to satisfy the equations of motion, leaving
them free and unrelated to each other. Just below, we will formulate a method which requires the correct relationship
between these expressions for the solution obtained being consistent. This forces a specific solution for each particular
case for the function M(r).
Now let’s specify some particular cases for the values of N .
1. b(r)=-2a(r)
Taking N = 2, one has the particular case b(r) = −2a(r), which, after integration of the equation (40) leads to
f(r) = 8
∫
exp
[∫
1
2
(
1
r
− M
′(r)
M(r)
)
dr
]
1
r4
[
rM ′2(r) +M(r)(rM ′′(r) − 3M ′(r))] dr . (44)
8Using (43) in (22), one gets
F 10(r) =
1
4qr2M(r)
√
1− 2M(r)
r
{
4M3(r) + r3M ′2(r) + rM2(r) (8M ′(r) − 4rM ′′(r) − 7)
+2r2M(r)
(
rM ′′(r) − 2M ′2(r) −M ′(r))
}
exp
[
1
2
∫ (
1
r
− M
′(r)
M(r)
)
dr
]
(45)
Note here that there exists only an unique free function, the M(r), in the expressions (44) and (45).
It is known that the derivative of the matter Lagrangian density with respect to F , i.e, LF in (43) for N = 2, has
to satisfy
LF = ∂LNED
∂r
(
dF
dr
)−1
. (46)
From this relation, and using (42), we have the following relationship equation
r2M ′2(r)−M2(r) = 0 , (47)
which leads to M(r) = c0r, which causes an indetermination in equation (46), and then we discard this solution.
Another possible solution of (47) is
M(r) =
r0
r
, r0 ∈ ℜ+ . (48)
Remembering that (41) and (45), then we have the solution following
dS2 =
(
1− 2r0
r2
)
dt2 −
(
1− 2r0
r2
)−2
dr2 − r2 (dθ2 + sin2 θdφ2) , (49)
F 10(r) = −4r
2
0
qr3
√
1− 2r0
r2
. (50)
We can reconstruct the Lagrangian density LNED and the algebraic function f(T ). From (49) and (20), we get
T (r) = −8r
2
0
r6
. (51)
Inverting this expression for obtaining r(T ) and using (49) into (44), we get
f(T ) = −6
5
√
2r
1/3
0 (−T )5/6 . (52)
On the same way, using (49) and (50) one gets
F (r) = − 8r
4
0
q2r6
. (53)
By inverting this expression for obtaining r(F ) and using f(r) and (43) into (42), one gets
LNED = 3q
5/3
5
√
2r40
(−F )5/6 . (54)
This is the first case and we can note that the exponent of the torsion scalar T , into f(T ), is identical to the scalar
F , in LNED.
The curvature scalar R = gµνgαβRαµβν , where Rαµβν are the components of the Riemann tensor, can be obtained
from the relation
R = −T − 2∇µT νµν , (55)
and the components (17), resulting for (49)
R(r) =
4r0
r6
(r2 − 2r0) . (56)
9We can then make an introductory analysis of the solution in (49) and (50). We see that from the definition of
the event horizon for a spherical symmetry of a static space-time [24], we require g11(rH) = 0, resulting to our case
rH =
√
2r0. The metric is asymptotically Minkowskian. g00 > 0 for r
2 > 2r0, g00 = 0 into r = rH =
√
2r0 and
g00 < 0 for r
2 < 2r0. g11(r) is always positive. The component F
10(r) in (50) behaves as F 10 ∼ r−3 in the limit
r → +∞. This behavior was only seen atin 5D in the GR in [25]. Then the Maxwell field vanishes at spatial infinity,
keeping the characteristic of asymptotically flat. This component vanishes on the horizon r = rH . The curvature
scalar (56) vanishes in the infinite space and diverges at the origin r = 0, indicating a singularity in this region. We
can see the same behavior for the torsion scalar (51), not revealing anything new, unlike some cases of charged black
holes in [26], where a new singularity emerged from the analysis of curvature scalar. At r = 0, so the function f(T )
as the Lagrangian density LNED diverge.
2. b(r)=-4a(r)
Taking N = 4, we have the particular case b(r) = −4a(r), where, after integration of the equation (40) leads to
f(r) = 16
∫
exp
[
−
∫ (
3(r − 2M(r))(rM ′(r) −M(r))
4rM(r)(r −M(r))
)
dr
]
1
r6
{
r3M ′2(r) + rM2(r)
[−4 + 9M ′(r) + 6M ′2(r) − 3rM ′′(r)] + r2M(r) [−M ′(r)− 6M ′2(r) + rM ′′(r)]
+M3(r) [5− 10M ′(r) + 2rM ′′(r)]
}
dr . (57)
Using (43) into (22), one gets
F 10(r) =
[r − 2M(r)]
8qr5M(r)[r −M(r)] exp
[
−
∫ (
3(r − 2M(r))(rM ′(r)−M(r))
4rM(r)(r −M(r))
)
dr
]√
1− 2M(r)
r{
− 96M6(r) + 3r6M ′2(r) + 4r2M4(r) [−95 + 16M ′(r) + 24M ′2(r)− 20rM ′′(r)]
+32rM5(r) [10− 2M ′(r) + rM ′′(r)] + 2r5M(r) [5M ′(r)− 18M ′2(r) + 2rM ′′(r)]
+12r3M3(r)
[
17 + 2M ′(r)− 16M ′2(r) + 6rM ′′(r)]
−r4M2(r) [45 + 40M ′(r) − 132M ′2(r) + 28rM ′′(r)]
}
(58)
By also taking the imposition (46) and using (42) for N = 4, one obtains the following equation{−3rM2(r) + 2M3(r) − 2r2M(r) [−1 +M ′(r)]M ′(r) + r3M ′2(r)} ×
× [r2 − 3rM(r) + 2M2(r)]2 = 0 . (59)
The linear solutions in r implies an indetermination in (46), and then, we discard these solutions. The unique
acceptable solutions of (59) is
M(r) =
r
2
− 1
2r
√
r4 − 4er0 . (60)
Remembering (41) and (58), one then has the following solution
dS2 =
1
r2
√
r4 − 4er0dt2 − r
8
(r4 − 4er0)2 dr
2 − r2 (dθ2 + sin2 θdφ2) , (61)
F 10(r) = −16e
2r0
qr8
(
r4 − 4er0)3/4 . (62)
We can reconstruct the Lagrangian density LNED and the algebraic function f(T ), as done before. From (61) and
(20), one obtains
T (r) = −32e
2r0
r10
. (63)
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Inverting this expression for obtaining r(T ) and using (61) in (57), one gets
f(T ) = −20
7
√
2e3r0/5 (−T )7/10 . (64)
One the same way, using (61) and (69) one has
F (r) = −128e
4r0
q2r10
. (65)
By inverting this expression for obtaining r(F ) and using f(r) and (43) into (42), one gets
LNED = 5q
7/5e−4r0/5
7× 29/10 (−F )
7/10
. (66)
By using the components (17) and (61), the curvature scalar is given by
R(r) =
24er0
r10
(r4 − 4er0) . (67)
We then see that the metric (61) is asymptotically Minkowskian. We has an event horizon in the region r = rH =
(4er0)
1/4
. The component F 10(r) into (69) decays with F 10 ∼ r−5 in the spacial infinite and vanishes at the horizon.
3. b(r)=-6a(r)
Setting N = 6, we have the particular case b(r) = −6a(r), and integrating the equation (40) one gets
f(r) = 8
∫
exp


∫  5(M(r) − rM ′(r))
r(r − 2M(r))
(
−1 + 1
(1− 2M(r)r )
3
)

 dr

 1r8
{
3r5M ′2(r)
−8M5(r) [−7 + 14M ′(r)− 2rM ′′(r)] + 3r4M(r) [M ′(r) − 12M ′2(r) + rM ′′(r)]
−40rM4(r) [3− 5M ′(r) − 2M ′2(r) + rM ′′(r)] − 6r3M2(r) [4− 3M ′(r) − 20M ′2(r) + 3rM ′′(r)]
+10r2M3(r)
[
9− 12M ′(r) − 16M ′2(r) + 4rM ′′(r)]
}
dr . (68)
Using (43) into (22) one gets
F 10(r) =
[r − 2M(r)]2
4qr8M(r)[3r2 − 6rM(r) + 4M2(r)]
∫
exp


∫  5(M(r) − rM ′(r))
r(r − 2M(r))
(
−1 + 1
(1− 2M(r)r )
3
)

 dr


√
1− 2M(r)
r
{
1280M9(r) + 5r9M ′2(r)− 128rM8(r) [47− 4M ′(r) + 2rM ′′(r)]
+2r8M(r)
[
19M ′(r)− 50M ′2(r) + 3rM ′′(r)] − 80r5M4(r)[50 + 38M ′(r)− 69M ′2(r)
+13rM ′′(r)] + 64r2M7(r)
[
191− 12M ′(r) − 20M ′2(r) + 16rM ′′(r)]
+80r4M5(r)
[
119 + 38M ′(r) − 84M ′2(r) + 22rM ′′(r)] − r7M2(r)[115 + 376M ′(r)
−720M ′2(r) + 72rM ′′(r)] + 4r6M3(r) [245 + 376M ′(r) − 660M ′2(r) + 92rM ′′(r)]
−16r3M6(r) [867 + 56M ′(r) − 280M ′2(r) + 112rM ′′(r)]
}
(69)
Making use of the constraint (46) and using (42) for N = 6, one gets the following equation
[
3r2 − 6rM(r) + 4M2(r)]2
{
8rM3(r) − 4M4(r) − 4r3M(r) [−1 +M ′(r)]M ′(r)
+r4M ′2(r) + r2M2(r)
[−5− 4M ′(r) + 4M ′2(r)]
}
= 0 . (70)
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The solution linear in r leads to a indetermination in (46), and then we discard this solution and the complexes ones.
The unique acceptable solution of (70) is
M(r) =
r
2
− 1
2r
(
r6 − 2r0
)1/3
. (71)
Remembering that (41) and (69), one gets the following solution
dS2 =
1
r2
(
r6 − 2r0
)1/3
dt2 − r
12
(r6 − 2r0)2
dr2 − r2 (dθ2 + sin2 θdφ2) , (72)
F 10(r) = − 4r
2
0
qr12
(
r6 − 2r0
)5/6
. (73)
We can reconstruct the Lagrangian density LNED and the algebraic function f(T ). From (72) and (20), one gets
T (r) = −8r
2
0
r14
. (74)
By inverting this expression for obtaining r(T ) and using (72) in (68) we obtain
f(T ) = −28
9
21/14r
5/7
0 (−T )9/14 . (75)
On the same way, using (72) and (73) one has
F (r) = − 8r
4
0
q2r14
. (76)
Also, inverting this expression for obtaining r(F ) and using f(r) and (43) into (42) we get
LNED = 7× 2
1/14q9/7
9r
4/7
0
(−F )9/14 . (77)
Making use of the components (17) and (72), the curvature scalar is given by
R(r) =
20r0
r14
(r6 − 2r0) . (78)
This solution is asymptotically Minkowskian and has event horizon at r = rH = (2r0)
1/6
. The component F 10(r)
of the Maxwell tensor behaves as F 10 ∼ r−7 in the infinite space, also vanishing at the event horizon.
Important observations. We can now note a certain logic for the solutions b = −2a,−4a,−6a. Let us generalize
the reconstructions of (52), (64) and (75), then, as Lagrangian densities (54), (66) and (77) for
f(T ) = f0 (−T )(N+3)/[2(N+1)] , LNED = L0 (−F )(N+3)/[2(N+1)] , (79)
with an even N . Only a particular case is admitted here, when N = 1 we recover the TT with the Maxwell
Lagrangian density. All of these solutions are asymptotically Minkowskian. The effect of the electric field vanishes at
spatial infinity. The integration constant r0 appearing in all solutions should be that depend implicitly on the mass
and charge of the black hole, so that if we take the limit limm,q→0 r0 → 0, thus returning to the Minkowskian vacuum.
When we choose an odd N in (41), on very complicated differential equations where the analytical solutions are
almost impossible to be obtained. Thus, we do not take them into account
B. Solutions with b(r) = Na(r)
By the symmetry, we can take the same equations (40)-(43), but setting N → −N in all of them. Let us see some
particular cases for fix values of N .
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1. b(r)=a(r)
Taking the particular case N = 1, i.e, b(r) = a(r) and performing the same process as in the above subsections, we
obtain the following solution
dS2 =
(
er0/2r − 1
)−2 [
dt2 − dr2]− r2 (dθ2 + sin2 θdφ2) , (80)
F 10(r) = − r
(
er0/2 − 2)2
q
(
er0/2r − 2)3
(
2− 4er0/2r + er0r2
)(
er0/2r − 1
)2
er0/2 . (81)
This one is the charged and asymptotic non-flat black hole solution, with an degenerated event horizon in r = rH =
e−r0/2. The component F 10(r) diverging at spacial space, what may happen for asymptotically non-flat solutions,
due to the possibility of non-null field at spatial infinity continue twisting the space-time.
2. b(r)=2a(r)
Taking into account the particular case N = 2, i.e, b(r) = 2a(r) and making the same process as in the previous
subsections, we find the following solution
dS2 =
(
1− 2r
2
r0
)−1
dt2 −
(
1− 2r
2
r0
)−2
dr2 − r2 (dθ2 + sin2 θdφ2) , (82)
F 10(r) = − 4r
qr20
(
1− 2r
2
r0
)−3/2
. (83)
This solution not seems physically acceptable, due to the fact that for r2 > r0/2 one has the following signature for the
metric (−−−−). This should be the exterior region to the horizon, but for which the Killing vectors do not change.
Here, the Killing vector are only space-like for the exterior region to the event horizon, and this does not permit to
distinguish between the physical space and time. At least, it seems for us that this solution has to be discarded.
3. b(r)=4a(r)
Taking the particular case N = 4, i.e, b(r) = 4a(r) and making the same process as performed in the previous
subsections, one gets the following solution
dS2 =
(
1 + 4er0r4
)−1/2
dt2 − (1 + 4er0r4)−2 dr2 − r2 (dθ2 + sin2 θdφ2) , (84)
F 10(r) = −16e
2r0r3
q
(
1 + 4er0r4
)5/4
. (85)
This solution does not possess event horizon, being a solution of a geometry with atypical non vanish torsion.
4. b(r)=6a(r)
Taking the particular case N = 6, i.e, b(r) = 6a(r) and making use of the same process as in the above subsection,
we find the following solution
dS2 = er0
(
e3r0 + 2r6
)−1/3
dt2 − e6r0 (e3r0 + 2r6)−2 dr2 − r2 (dθ2 + sin2 θdφ2) , (86)
F 10(r) = −4e
−9r0r5
q
(
e3r0 + 2r6
)7/6
. (87)
In the same way as in the previous solution, this one also does not possess event horizon, being only a non-null torsion,
but without any interest.
Important observations. We can conclude that the cases with N = 3, 5, 7, ... lead to more complicated differential
equations that do not yield atypical solutions. However with N = 4, 6, ... there is no event horizon, being a non
interesting geometries.
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C. Born-Infeld-type solutions with b(r) 6= −a(r)
Let us start taking the Lagrangian density of BI (26) and the function fT (r) into (40), which is independent of the
matter content. Now we solve the equation (23), obtaining f(r)
f(r) = 2
{
4q2βBI
r2
√
q2 + 4β2BIr
4
− 8β2BI
[
1− 2r
2βBI
r2
√
q2 + 4β2BIr
4
]
+
fT (r)e
−b
r
(a′ + b′)
−fT (r)e
−b
r2
[
(2 + ra′)
(
eb/2 − 1
)
+ rb′
]}
. (88)
Now, the new condition, for the solution being consistent, is
fT (r) =
df(r)
dr
(
dT (r)
dr
)−1
. (89)
For this condition being satisfied, and using (25), we must have
8q2βBI
(
2− 2eb/2 + ra′
)
(a′ + b′) = 0 . (90)
As b(r) = −a(r) + b0 leads to fT (r) = f1 ∈ ℜ, we will not use this solution here. By solving the equation (90), we
obtain the following possibility
eb(r) =
[
1
2
(2 + ra′)
]2
. (91)
Now the function a(r) has to be obtained by integrating the equation (25). We will do this as follows. First we isolate
fT (r). But as fT (r) is already given in (40), we extract the logarithm of the expression and derive, for then equal
from the argument of the integration of the exponential term in (40). This leads to the following differential equation
1
(2 + ra′)
[
2
a′′
a′
+
16r3β2BI − (q2 − 4r4β2BI)a′
q2 + 4β2BIr
4
]
= 0 . (92)
The general solution of this equation is given by
ea(r) = exp
[
2
∫
dr
2r0
√
q2 + 4β2BIr
4 − r
]
. (93)
With (93) and (91), one gets
fT (r) =
1
r2
√
q2 + 4β2BIr
4 . (94)
here we solve the equation of motion (23) for determining f(r), which, substituting into (25) lead to the following
integration constant r0 = 1/[2q
√
2βBI ]. At this point, all the equation and conditions of consistency are satisfied. We
then have the following solution
dS2 = exp

2 ∫ dr√
q2+4β2
BI
r4
q
√
2βBI
− r

 dt2 − 2(q2 + 4β2BIr4)(√
2q2 + 8β2BIr
4 − 2qr√βBI
)2 dr2
−r2 (dθ2 + sin2 θdφ2) , (95)
F 10(r) =
2qβBI
q2 + 4β2BIr
4
(
qr
√
2βBI −
√
q2 + 4β2BIr
4
)
exp

− ∫ dr√
q2+4β2
BI
r4
q
√
2βBI
− r

 . (96)
The interesting point here is that the Lagrangian density is the BI in (26). The solutions with b(r) 6= −a(r) also have
been obtained for f(R) theory [27], but with a strong restriction, where a+ b = ln[k0r
l], l, k0 ∈ ℜ.
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We can reconstruct the function f(T ) here. The torsion scalar (20), with (95), is given by
T (r) = − 4q
2βBI
q2 + 4β2BIr
4
. (97)
The function f(r) obtained from (23) is given by
f(r) = −16β2BI
[
1− 2βBIr
2√
q2 + 4β2BIr
4
]
. (98)
By inverting the expression (97) for obtaining r(T ) and substituting it into (98), one gets the following function
f(T ) = −16β2BI
[
1−
√
1 +
T
4βBI
]
. (99)
We have a solution of a charged black hole, spherically symmetric and static, and asymptotically Minkowskian, because
of ea(r), eb(r) → 1 for r → +∞. The expression of the curvature scalar is too large to be written here, but in the limit
of infinite space, it vanishes, and for the limit of the radial coordinate origin, it diverges, indicating a singularity. On
the other hand F 10(r) goes to zero at spatial infinity and is regular, with the value −2βBI , at the origin r = 0. The
solution possesses two event horizons in
r± =
q
2
√
βBI
√
1± 1
q
√
q2 − 4 . (100)
The extreme limit is given for q = 2, where r+ = r− = 1/
√
βBI .
VI. CONCLUSION
Here we reconsidered the original idea of BI for a nonlinear Lagrangian density in F implying that for certain
relationship between the metric functions a(r) and b(r), a function f(T ) with the same functional dependence of
the NED action. We can re-obtain so the famous BI solutions with cosmological constant and the one of Reissner-
Nordstrom-AdS, of GR.
A very strong result is established by no-go theorem of the section IV where we only can have solutions in the f(T )
theory with non-linear terms in T , when we break down the famous symmetry b(r) = −a(r) and T 00 = T 11 for the
tetrads (15).
We performed a powerful algorithm for solving differential equations of this theory. We see that still can be addressed
more new cases in which the relationship between the metric functions are different from those used here. It is also
possible to consider metric functions such that the solution is a regular black hole in f(T ) Gravity. This is currently
being done by us in another work [28]. The new solutions that merit to be pointed out are charged and asymptotically
flat black holes solutions whose Lagrangian densities and action functions are given by LNED = L0 (−F )(N+3)/[2(N+1)]
and f(T ) = f0 (−T )(N+3)/[2(N+1)], when b(r) = −Na(r) with an even N .
Another new solution obtained here is when we consider the no-go theorem and the Lagrangian density BI. For this
model the solution is asymptotically flat with two or one horizon (extreme case). Interestingly, the functional form
of f(T ) is identical to the Lagrangian density of BI, but with F → T , which recovers the original idea of Ferraro and
Fiorini in [17], but concerning black hole here.
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